
#is# sumory

=opter 1- Riemann Integration

& Th9: J : (a
,
b)-As bbd

↓ interable E)
VE30 JPEIP s.

+.

V(j , P) - ((j , P) = E

# l P, & Pa
R refire P, & Ps

& 1 .
14 : f : (a , b] -> I es => f unigordly os

:D contradiction
,

not usisoly its. Piete S = t
② Ex

. 3
. [Yn3 < (9 , b) ,

closed => B. W & subsequences.
⑤ "nt- , Ymp - y x =

y : (x) - yay1 = Kne-sl + /Ph York +
- 0

& (f(x) - f(y)) = 0 < E
-X nt

S

③I. 11 : J : (9
, b]-1 its = - integrable

# Dusisody its
. Oven 3

,

use 8 : It S
| f(x) -J(y)) =

6 - 9

② its so actieves mot Mt = f(p) and my = flyt] on each i
- te

* Sur over to

④ Thm. 15: J : (a , b]-> 12 monitorie => ↓ integrable

#① Pete unfor partition It (a + t ,
a + (t)] ke30, ..., n - 13

② Ma and my achieved at endpts.
⑤ Telescopic sure for U16 ,

P) - (/f , P)

& Im1 . 1 : J : (9 , 63-> te integrable St . JE=

⑧tgalle
.

· Amib-a) = (6 = Mib -a) => m = a = m

② I as so by IVT
, I obtains every value in between and m

③ ACE (a ,b] S.
t . f (c) = --

-

& Him 1 . 24 : J : /a , 63 -> 12 interable
· 0 : -AC dis => & of is integrable

& Hood of long ...



charge of for sales foruld⑧⑧K. 26 :

fig integrable => Go integrable & integration by ports

If also to bod =t interpable
g

# Dfg = &(16 + g) - j-g2] & use composition, p() = x

② of
bod => g

bbe amay from 0
.
JES. t . E1g) on (a , b)

& (x)= E ↳
1x1 > E

↳ |x) = E

gog: on Ca
. b) · gist , 4 its =

⑨ Thm 1 . 28: (FTC) F : (a ,b]-> Ason (a , b) , diff on (9
, b)

.

F= J-

Assure J : (a , 63 -> He integrable · Then
b

&

(f(x)dx = F(b) - F(a)

#:DEnough to take on aubitory PEP & Stow ((t , P) = F(b) - F(a) = V (6 , P)

& Use MUT JChE It Sit . (Ph- -,
)F'(n) = F(x+) - F(-)

③ F its so attains Mt and mic
.

# Sun over It

⑯ Definition of improper integrals on 19
, 63

,
19

, b) and 19
, b3/5

⑭ 1 .4: (Absolute comparisons test) . V : (a , 8) interpable on La ,
bb F bc a.

191 = 0

=>If converses . ( absolutely converto

If g : /9
,0)+ 10,0) S. t . 1fEg , jg = 0

=>j absolutely convergent

&-counter example functions" ↑

point wise

& Jn = x
, gn:t , Jugn: but Jagu 11 Jngn-fylld =Sup

↓ ↓ E↓ (2020 Exam]
O O O

uniform conegesul& Jn( = n Xin whe In = 10 , ] ·
Then Son =1

fails here
b

Im

/"
o In

But fulso so /Jakes -Syd (2020 exam
-

& fn(x) = (x + + ) = 1+ k never vanishes) ButMo butsmoothat werenable (2020e]↓ ↓ (x + + )t - (x) = (x + -)z - (x)=
| x) (proves uniform convergence]

& Jn( = SinChic) to (infinately smooth) ,
but In = ncos(n)-

↓I J infiscately differentable is not enough

O



frich-> o fixed
-der2-sequences & Series of Functions

⑫P21: Inf pointe > Facedwas fu(x) = f(x) st
I not s !

⑬D.
5:
In of uniformly #) F330 ENCE) S . +

. 118n-flo = & EncN(E)

#I2. 11 : (2) uniformly candry ) unjorly conversest.

# 'Joreads
, Jn(s) candry in th so conversent · If s . t . Jnk)-> f Prwise.

⑬I2 . 13 : (fn) its with Je-f ,
Den I ats

#I# wis J its at so
. In ats at so = #220 ES

,
Sit .

Fact (x-S
,
x + 5)n

(Jn(x) - Jn(x)) = E
B(f(x) - J(0)) = (f(x) - Jn(s)) + 16n(x) - Jn(50)1 + 16n() - ((50)/ &In unisorely conversent

= 118 - follo + 16n(x) - (n(x0)) + 11fn - 610
=> ESO JN(3) S . % .

Un > N(9) 118n-fllo=
= + 3 + 2 = E

⑯I2. 16 : Jn : (a ,b]-> It integrable In f uniformly ,
men f integrable ⑭

/Sta = Side] #
LONG !! :

Naheasy !
vu rough

# Passe long so could come up. estimates
used not clever...

& Given 200 Gid PEP S.t . U(6 , P) - (16 , P) = E

& In= = JN Sit . 118n-Ulloa) Fun Hard part is

& Fora fixed, In integrable => JPEPP Sit . Uldn . P)-L/fe ,
07 z showing J is

integrable. One⑧& Sof = 118n-flo+ An ,
UliPn) - ((t , Pu)= ... Es have limit f,

③ 1S6n -Sol =... = 11In-Ull016-9) -> 0 easy to show

lim
⑰ Im2 . 21 : J ,

t its on (a , bx(d]
,

then Fte(c

jusd ise

#D Set F(t)
=(f(x, +]ds

,
6(t)=d

.
wis F

② consider/-F(t) * (t)) = 1(h)-ft) - (+)da
③ & s diy on 12 .

13 = Mut := 1)-
& use cryg E and take lits as he0 in

⑱ Im> .22: J : sa ,bised]-Ra=1gydy)dx = ((( - yeda)dy
: Nasty proof ...

Fails if not ets somewhere !!!



⑲h2 .24: JnEC'19 , b) On- 8 Pointwise , InEg = JEC , 6) = g

#In Eg so jglydy =gion' =h=( -fas) = fas
#I *Fi limit

o cts => J dif , g' = f integrable

⑳Im2. 26 : Jp : 19 , b) -th interpable
· Sn: converses uniformly. -Eth int

= easy
: previous this

# ! Se finite swe inteable by additivity
! In converges uniformly -> Sinterpable & Sn = Chin
& Isn= tis and hi Sh

&Im227: Ju : (a
, b] -12 GREC'st. Su= th converses ptwise . AssureIt's unforea

Des

1)=
& & use fut cla

. b)
, on pointse

, f Jr & tren trf = g

⑫Mm2. 28: /M-Test) J: ->. Assu foreach b
, 5 Mp 30 . 5 . t . 1fp()EMr Faced

and >

Mr = o

Men Me actual isside
*

Summand

converges uniformly on o

M

#Show Sn =E ungodly chy (M= 0 = 220ENS.ME
M

1Sn(s)- Sm()) = 1 SEE= Mise
M= m+1

-

wester - example functions
-

~ continuous

- gn() = Ex- +)x +(,):
&

I G x(o
, n]424

⑬ Juico ,
13 Jake : a

notcontinury I E
(t ,i

pointwise

gn ->
0

.Suppo,y (gn() - 01 = 1#
&

-⑭ h() = - 2n2k- + ) x[2.]

N

2n x(0,]

E
O xe[h , 1] !

himhe Jn(s) +hi ino a Sup 1h
. (s)-01->

In
se(0, 1]

-
I I

⑮
-- Pointwise convergence non-uniform

-

BUT :

-XiT
line

f ,
() = X

10.23 82( = X/2
, 1)

1 =u Inme Xin,+
= 0

↓ (r= Xc0, 3
Jy( = Xi Js(= 5 . 2

to X
(2:T

&n(x) = Sin
lynk) = 30 s09nt0 Sta-o but Info 0

u

In' (s) = cos(us) I

↑
doesn't converse !

olgn()) /Mogn()



#K A:I
-tapter3-Complex Analysis

Haveanationi
exists

⑳ D3.

5 : / open set
,

zaM . I complet differentiable at z ESlimf(zth)-1z5
= f'(z)

Note : Derivative must exist for only path towards h
.

h = 1 x + i By , f(z) = u(z) + iv(z)
-

Lise Lisa f(z + h)- f(z)
-

=
hi him !th)-f(z)

=> U =

Vy My = - U-Dyso sy 50 as 0 4

& 3. 6 : DJ : -K is analistic (holosarphia) at ZEN if Jegbourhood UCM z S . t .

J's complex differentable eversitere in U.

& J is analysts in or if it is analistic at every point of M

! J is entire if it is analytic in te where of I

A

Note :

supposehim-f
n exists. Then f is its at z

.
Pict a livey approach

n = P3) · Den J'(z) = · . . = 6,f(z) all postal derivatives
are continous

⑳ hm3. 7 : Jir(e-K ,
or open E

↓ complex different able #Jim C
-M has a differential at ca , b)

at z= a + ibt↓ But satisfies the lamiting Disass Equations

2 Im3. 11 : /Patio test) ConsiderIn .

Assure on to

i hm art exists
& If himsup an is convea

Thes Yanz" hassn = 0

!If < En N Sans diverse R = him an,
& Ithm3. 12 : /Root test) consider Than (2020 Exam]

& If himsuplant = 1 =Yan converses

& #O hisuplaits1 Ifon diverses

& Im3. 33 : Gwen (nino ,
JRE10,07 S

. % .

Zanz
I

converses / = R .
diverses zk* . R = maiFihim

e

! ⑰h3 .

34 AreS has RoCR .
Men for R, f(7):

diy
f'(z) = Cnanz"

n = 1 multi valued

z = 1z/ei0 z
1z1e

: 03↳age
log(z) = Log(z)+ i Arg(z) + 2 h+ i ,

k + 2

log( - 1) = Log) - 11 + i Arg) - 1) + 2 + i = Hi + 2 t+ i

Log(z) = Log(z) + iArg(z)
z = eclog(t) = edoy(z)2d +i => 1= c 24/q

,
t = 0

...., q- 1



Complex integration :

K

some facts :
M

↑

⑧· J : (ad]- b ⑳
If ed =/16 *

· f : r <K-> I

alongpath NCUC & persed by J : (a
, b-

Stdz =Sfijctdt : -

Ebath of m

· Syldzl:=d:(
curre

[useful esticates]
· J : ->

(Stdz) = (1611dz):

=
(((((((((0'()(d+ = ((z))(1dz) = man16(z)/(18)

· Sunde:guide

⑮ hompet Fanalet(open f

Stdz = F(((b)) - F(((a))
Ju

# chann rule

⑳Am3 . 29 /Landry's thin) J : &C4-& audite ·

In open simply
connected

domain. UCI is c. f = u + iv r(t) = (x(t)
, y(t))

N(t) = r'(t)
+

f = M,

fres = ly't ,-sSj61zdz = 0

s- 1+19->N(t)

I know JJdz = circulation (1) + iChex(4)

= Surlfddy + /f diwdody /Greend Games troso

= Soxyddy + If v. day

Note: -xj=...

Of won't come up !



⑬ Im3
. 31: &CK region blad by the simple wores U. lextors , U interiors.

positivelyaroated & analytic on rUU, U82 .
Then

-U

Stdz+ jfd- 6#
Camery's those :

& odz = 1,6dz + 16dz+dzd

Stdz = Ifdz + Sdz + (fdz + Ida
same paths in opposite directions coned,
add the equations & recover U.& U2

⑮ (Fundamental Contour Integral)
& (H) = a + reit to 10, 2)

n = - 1 & do the calculations

! (7-aydz E n = - 1

Simple closed C'curve

Restated j O(U)
exterior

Id # sI(f)
interior

ci⑭ hm
.

3:let

VilabTpositively arented simple closed curre . Asase

f(z) = i Stdu Vzc I(f)

# Fix ztI(f) .

Pict ~s.t · B(z)(1(f) .
Then contour deform :

problem pt at

z= w so contour- around there.

··fanalistic in I(8) so

given E30 Jr c o

- S.f .

J (z) by (* 1 f (w) - j(z)) = E

Parametrise GB
-
(2) by U(t) = z + reit for + (0 , 2 it) (wt By(z)

2π

(E(z)) :/ - I
Carbitry so E(z) = 03

=ztreit-f/d &

⑱ Ihm3.35:) : (a , b] -> I positively created ('cre. Assumuf analytic on F0) . Then

j'" exists Fre &

&
"

(2)=du Azt IIU)

# Too long but socce idea as above



⑭ Ihm3. 36 : /Taylor series expansion) let I bear analytic function on Bp(a) ,
at C

,

R30.

Then JCne unique .
HEIN s . t.

((z)=12 fzcBp(a)

with te in give by

in nidw=
WhereJ is

only p.
o. s.

C. C . in Bola) with at I(0)

# Choose UB carefullya↳

! see noes
...

& Ihm3. 38: /Lionville's thm) ·
Let 8 : K-> 4 be an analistic bounded function. Then

↓ is constant,
W

-

a

#: Pict a t b in I
.

Pict RS
.t .

Zmax 31a1, 1613 = R

·

to
.

R 7

n

Then for we & Bp(0) will help bard < Iw- al = zz
-

integral &

Iw-ak E and 1w-b1 > 1 ! In - blz =z
·
w Iw-allw-bl= =

Use canchy's for could

f(a)-1(b) =...= dw = Ifa)-jb /
L+ - 0

⑬hm3.
39 : (Fund. Hm Algebra)

. Every non-constant polpronial p on I has a root.

(Ja + (s. + . p(a) = 0)
# contradiction : Assure (p(z)) = 0 FZEK .

& Define J : -1 by f(z) = dist It is entire: composition of
two holorophies

H

& As 121-0 p(z) : [ch2
↳
->Inz" = (p1z)l-> 0 as 121 -> 8

n = 0

=> (p(z)) > /f 121 > R

! J(z) = z) bonceded in I

& 181 = 1 F1zkR

# bbd on Iz=R (compact set] as I is its

& Couville's => constant

y44 mm3. 43 : (Residue thon) & < & contour
, Janalytic in FTU))3z, , ...

, En3
, (z]

,

< #18)
O has poles at z

, ..., n .
Then analyt

E

Sjf =

ZiResflz f(z)=m
+... + +

Pi #Da)= c
-, = (z-a))

Stora sicaple pole)

Emisseda cuteloaset

Thatwould ve helped
excer !



creakyexams triets :

& In : 10
, 23 -> I In : 10 , 13 -> He

↓nk)= -
-

--i - -!- -

un()->gydy (2) = !........
so close to an

integral approx
!

IIIn-flo=Supe
- - e

= Sup + - f( +)dt)

= So as d on baeas
!

= E C uniformlyets.

-> 0 as &

orbitsy

Using caudy veisars : get all in terres of u or Us , is

not 29 so can compare


